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PREFACE. 

The following tables, skillfully worked out by Professor D. T. Wilson of Cleve- 
land, refer to the group of asteroids, whose mean motion is nearly - of that of Jupi- 
ter, their mean motion being approximately: 

» = 75°". 

The/ are said to belong to the group* - of the asteroids or to the Minerva type. 

The tables are fit to fill a space of asteroids for which the general perturbations hit- 
herto had not been calculated. 

Considering the oommensurabilities of the mean motions of the small planets 
with regard to Jupiter, we will have the following table: 



» = 4 4 8."7 2-3 M 

478.6 5— S f t 

498.6 3—5/1 

523-5 4—7 /' 

5983 1—3 ft 

698.0 3—7 ft 

747-8 3-5 ft 

797.7 3—8;i 
897.4 1- 3/' 

1047.0 a— 7 ft 

IT96.5 1—4/'. 

Of these ratios the following three are representative for the whole system of the 
asteroids: 
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approximately 
1:0 ft = - n = 6oo" 

2:0 /' = - » = 75°" 

1 it 

3:0 ft = n = 900 , 

the remaining commensurabilities either being very rare in the reality or corresponding 
to so high degrees of the eccentricity and of the inclination as to give remarkable 
types, only where the commensurabilities are very strong. Accordingly, the asteroids 
ean in general be put in one of the three categories: 

/( -= - Hecuba-group; 

(i = - Minerva-group; 

ft ™ - /fesita-group. 

The first 1 and third' of these groups were considered resp. by Dr. H. v. Zeipiel and 
by myself and their general perturbations were carefully worked out and compared 
with other computations. Moreover the perturbations of Saturn 9 were calculated by 

Dr. H. G. Block. Thus, after that the tables for the group* - herewith are given by 

Professor D. T. WrLSON* the computation of the general perturbations for any one of 
the asteroids may be worked out in a few hours in almost every case. 

The tables have been used for computing the general Jupiter-perturbations of the 
following planets: (9) Metis; (32) Pomona; (29) Amphitrite 5 ; (r6i) Athor 8 ; (48) Doris'; 
(10) Hygiea 8 ; (24) Themis*; (28) Bellona; (35) Pandora; (127) Johanna 10 and the gene- 

1 H. v. Zeifei,. AngentLherte JupiterstOrungen flir die Hecuba-Gruppe. Memoires de l'acadfimie 
im penal e des sciences de S;t Petersbourg. 8 eerie, Vol. 12, n:o 11. 

1 K. Bonus. Sur le developpement des perturbations planetaires. Application am petites 
planetes. Astron. iakttagelser och undersokningar it Stockholms Observatorinm. Band 7. 

* H. G. Block. Tafein znr Berechnung der StOrungen einer Gruppe kleiner Planeten durch 
Saturn. Astron. iakttagelser och undersOkningar a Stockholms Obaervatorium. Band 8, n:o 5. 

* D. T. Wilson. The present paper. 

' Astron. iakttagelser och undersOkningar A Stockholms Observatoriuin. Band 7 and Astron. 
Nachr., n:o 3396. 

' Astron. Nachr., n:o 3605. 

' Me moires de I'academie imperiale des sciences de S:t Peterabourg. 8 adrie. Vol. 12, n;o 11. 

' Ibid, and in the Astron. Nachr., n:o 3793. 

* Allgemeine JupiterstOrungen des Planeten (24) Themis. Astron. Nachr., n:o 4123 and 4551. 
10 The present n 
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ral Soiwrn-perturbations of (32) Pomona and (29) Amphitrite. 1 In every case the 
agreement was satisfactory. In the several papers mentioned below all accounts for 
the application of the methods ougfch to be given. 

There are nevertheless some remarks and corrections to the matter, which should 
be observed and which I take this opportunity to announce. 



Corrections. 

1. To the sDeveloppement des perturbations plan£taires». Astron. iakttagelser 
och undersokningar a Stockholms Observatorium, Band 7: 

page 184 note: to be read: n = o instead of m= t 

» 83 » &,= — — m * 9,*~ — nz 



» 105 (212) 
» 106 



184 by P„[n- 
258 > 



0.90309 
naz, — g + ■ 



0.90309™ 
ndzi = — g + ■ 



2. To the »Form'eIn und Tafeln zur gruppenweisen Berechnung der Storungen 
benachbarter Planeten*. Nova Acta Regiae Societatis Scientiarum Uppsaliensis, Se- 
rie 3, Vol. 17, 1896. 

Page 215 to be read: for n — 1: D oi {n — »)+„. = 2.6o26„ instead of 2.699511 

» » : D„i{n — »)_J = 1.1256 » i.22259„. 

Determination of the constants of the orbite. 

In order to determine the elements of the orbits, one may put the constants of 
integration for all perturbations zero and use directly the perturbations as they are 
given in the tables. The term* in ndz; 

1 Astron- iakttagelser och underBokniiigar & Stockholms Observatorium. Band 8, 11:0 5. 
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doff = a„nt 
may be omitted, as its effect is only to change the mean motion, which still is to be 
determined by observations or normal places. This is connected with the determina- 
tion of x: 

X = W— Og(l — U») 

in the » Develop pement dos perturbations planetaires* page 106. In order to employ 
the formulae (214), (242) and {284) pages 256—259 of tbe »Developpemeat des perturba- 
tions planetaires» in the ease of Professor Wilson, tbe constant 

ia\ to be changed into 



3 1 instead of 0, aa is the case of 

1 1 

h„ ■= - or u„ = ■ • 

3 2 

Calculation of heliocentric coordinates. 
Having formed the perturbations of the 

Mean anomaly: ndz 

Radius vector: * 

Third coordinate: 8 = ; 

cos * 

the corrected mean anomaly is to be found by applying the formula: 

ns + c, = nt 4- c, +-ndz. 
Using this corrected mean anomaly, the coordinates in the orbit*: 

r„, v 
are computed according to tbe elliptic formulae, and thereupon the actual radius 1 

tor is found by: 

r = n(i + v). 

Rectangular heliocentric coordinates. 



a) Ecliptical: 



a Bin {A + «) + «. o„ sin i„ sin i2„ 
in 6 Bin (B + u) — s.a„ sin i„ cos il, 
in c sin (C + u) + s . a, cos L 
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There 

sin a sin A = cos Si„ sin b sin B — sin Si„ 

sin a cos j4 = — cos >.-, sin -Q„ sin & cos B =» cos i„ cos £1, 

and 

a* 

design** the constant value of the half great axis of the orbite; 

b) Equatorial: 

x = r smasia (A + u) - I- s . a„ cos a 

y — r sin 6 sin (B + u) + s . a„ cos b 

z — r sin c sin (C + «) + a . a., cos c 
where 

cos a = sin i„ sin Si., 

cos 6 = — [sin t ft cos t cos Si,, + cos i„ sin e] = — m sin (c + J/) 

cos c = [ — ain i„ sin e cos Si + cos i„ cos e] = m cos (« + Jf ) 

m sin M = sin io cob _Q„ 

m cos J)/ = cos i 

and a, A; b, B; c, C are the Gaussian Equatoreal Constants computed with the con- 
stant elements: 

i„, Si„. 
Stockholm 23 September 1911. 

Karl Bohlin. 
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Tables for the Computation of the Jupiter Perturbations of 

the Group of Small Planets whose Mean Daily Motions 

are in the Neighbourhood of 750". 

By 

D. T. WILSON. 

Cleveland. 

In a series of three memoirs entitled: Auaeinanderaetzung einer zweclcmdasigen 
Mtthode zur Berechnung der absoluten Storungen der kleinen Planeten, published in the 
Memoirs of the Royal Scientific Society of Saxony, V, VI and VII, Hansen Bet forth a 
method of computing the perturbations of a small planet, in which he developed the 
perturbative function according^ sines and cosines of multiples of the eccentric anomaly. 
He employed the method of quadratures in such a way as to take rigorously into 
account all the powers of the eccentricities of the disturbed and disturbing planets. 
In 1896 Bohlin published in Nova Acta Begiae Societatia Scienliarum Uppaaliensta a me- 
moir entitled : Formeln und Tafeln zvr gruppenweisen Berechnung der allgemeinen Storungen 
benachbarter Planeten, in which he adapted Hansen's individual method to the group 
method of computing the perturbations of the small planets. He developed the mathe- 



He computed the perturbations of (9) Metis and of (32) Pomona, and compared his 
results with those of the same planets computed by Lessee by Hansen's method. The 
close agreement confirmed the mathematical theory. In 1902 he published a more 
comprehensive volume: Sur le Divelopment dea Perturbations Planetaires, Stockholm, in 
which he gives a more elegant treatment of the secular terms. He also extended his 
tables to the third and fourth powers of the eccentricities and to the second power of 
w for certain terms. The results show a closer agreement between the perturbations 
computed by the two methods. 

The following memoir is an application of the Hansen-Bohlin method to the 

Tables have been constructed for the per- 
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turbative function beginning with y\ n , the point where the different groups diverge. 
In this case the integration divisors for certain values of the integers n, r and be- 
come as small as 0.2. These terms increase rapidly as the series advance. They were 
computed to the third power of the eccentricities and to the fourth power of w. It 
was found that all the terms of the third and fourth powers of w and some of those of 
the third power of the eccentricities were negligible when the eccentricity of the distur- 
bed planet does not exceed 0.34 (75 = 20°) and when the mean daily motion lies within 
the limits 720" to 780". Therefore only those terms of the third power of the eccen- 
tricities which are appreciable within the above limits have been retained. All the 
secular terms and those of arguments (2—6) have been computed to the fourth power 
of the eccentricities. 

By means of these tables the Jupiter perturbations of (55) Pandora, of (28) Bel- 
lona, and of (127) Johanna were computed and compared with the results previously 
obtained by Hansen's method by Moller (Astr. Nach., n:o 1791), by Bohlin (manu- 
script in the office of the Royal Astronomical Bechen institute, Berlin), and by Ols- 
son (Ueber die allgemeinen Jupiterstdrungen dea Flaneten (127) Johanna. K. Svenska 
Vetenskaps Akademiens Handl., Band 28, n:o 4, Stockholm). The comparisons, given 
herewith, show a satisfactory agreement. 

I wish to express my gratitude to Prof. Laves of Chicago and to Professor 
Bohlin of Stockholm for valuable suggestions and material aid in the execution of 
this work. 



Perturbations of (55) Pandora. 
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Perturbations of (28) Bellona. 
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Perturbations of (127) Johanna. 
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3 — S 

4 — 5 



I give here s resume of the theory on which these tables have been constructed. 
In order to determine the perturbations in mean longitude and radius vector 
Hansen derived the differential equations 



W is defined by the equation 



dz 



dv 

dt '' 



x dW 
2 dr 






(3) 



The quantities ;'■ and ij, are of the order of the disturbing mass and h„, r and 
/ are determined from the equations 



s — Co sin e = n,,z + c, 
n' al = h\p„ 



(4) 
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1; l/l + &. I- 

tan - / •- 1/ tan - e 

2' r 1 — &, 2 

(4) 

r-»o (i — a, cos e) = — • 

1 + e n cos / 

These equations contain the constant elements. Neglecting the perturbative 

force, equation (i) gives 

z = J. 
We may assume then 

z = t + Sz. . (5) 

From equations (i) and {5) we get 

If we limit ourselves to perturbations of the first order with respect to the mass of 
the disturbing body, (6) may be written 

£-*■ w 

Introducing « in place of ( in (7) by means of the equation 

e — e sin e = nt + c (8) 

gives 

— — = W{i— e cose). (9) 

To get the inequalities of the third coordinate Hansen found a function U 
similar to W which is defined by the equation 

f-»ri .in („-/)!§ CM.'. Co) 

When U is determined u, the quantity sought, is obtained from the differential equation 

du 3V , . 

at or 

W and U refer to the ellipse of equations {4), while W and U are similar functions of 
an auxiliary ellipse 

*p — esin ip = n% + c 

— cos w = cos ty — e ( I2 ) 



e sin w = Vi — e* sin ip 
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such that changing i to I, and </>, w and q to r , f and r changes W and V to W and 
U. The expressions -r— and -- mean that t is changed to t after W and U are dif- 
ferentiated with respect to r. Making use of (8) and (12) equation (2) may be written 

dv iJW . , 

de ~~ z Sip U3 ' 
and equation <u) becomes 

du dU , , 

H~W {I4) 

The three inequalities nSz, v and u are obtained from the solution of equations {9), 
(13) and (14). W is determined from the equation 

dw ., en , ,, an m 

<u =Ma lu +Nar J; = T - <I5) 

M = — y— — (3 — -e'J +2e cos t — e* cos zt + e* cos {*p + e) 

— 3e cos </> + (4 — e 1 ) cos (if> — e) — e cos (i^-zt) 

JV~ — -.-- esin e — e* sin 2e4 e* sin {</> + e) — esin </» 

COS*f/>L 2 \-r ; v 

— (2 — e*) sin (</' — *)+ esin (i/< — 2«) 



(7 is determined from the equatioi 



(id) 



Q = e sin e e* sin 2 1 + e* sin (<^ + t) 

— -e sin + (1 + - e , )sin (V — e) — e sin (if — ze) 

2 \ 2 / 2 

The symbols Si, r and a are the perturbative function, radius vector, and semi-major 
axis respectively. The coordinate perpendicular to the orbit is given by the equation 

In order to adapt the above equations to the group method and thus make it 

possible to compute the perturbations of a group of small planets of nearly the same 

mean daily motion with one set of tables, Bobxin introduced a function 8 defined by 

the equation 

ji u = /i (£ — esin e) — g', (17) 



y Google 



ASTRONOMTSKA IAKTTAQBLSBB OOK UNDEBSOKNINOAtt. BAND 10. N:0 !. 21 

/(, being a rational number and differing by a small amount from «, the ratio of n' 

to n, and g' being the mean anomaly of the disturbing body. Here fi is equal to - ■ 

From the relations 

y' =-.n't + n'dz' 

m =- nl + nSz 
we have 

,K,0= (,h u — n)nz + findz — n'dz'. 

We now assume a small quantity w defined by the equation 

i~-^=u». ( t 8) 

/«. 

Equation (17) may now be written in the form 

(f = wnz + (1 — w)ndz (19) 

from which 

ndz= iff — wnz h • (20) 

Differentiating (19) with respect to * gives 

i| -^ + {l-«)l|(i-i«)li)--jjJ (21) 

Determining from (21) and substituting it in (20) gives the inequality ndz. When 



be neglected. 

Developing the perturbative function in powers of the eccentricities and inclina- 
tions we have 



1 Oil 

1 dSi 

M ar lF r 

1 t d£i 

3° §B 



IPt[n + r. — n + s]if i " \ 
Qi[n 4- r . - n + s] 2 tf ■• I y-+»V— +« ( M j 

Jfc[n + r.— »+#]- I -*yf J ' J 



where 1/ = e^ -1 e , *<= e*'— ' <? , a = -„ yt=real part, and 3=- imaginary part divided by V — 1 . 
The coefficients yj-" depend on the ratio ;i„ = and the mass of the disturbing pin- 
net. The mass of Jupiter is here taken as — 
symbol, wj-* is used, defined by the relations 
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w ,.» = 2 j,,.n 

* 20 '' 

w$-" = JL.2yJ'* 

In the same way w and w are obtained from y and y. 

Eliminating the mean anomaly of the disturbing planet by 



(23) 



g' = ,n (e — e sin *) — ft ft, 



of the equation 



1 dS 

1 affl 

1 ,<)fl 
3° .72 



IP(n + r.— » + *) 1 
@(n + r.— ra + s) I (,«+'"<'»-•>/'#(''-»>*'. 
R(ti + r. — n + s) I 



Substituting the values of M, N, and from (15) and (16) in {25) we have 

da , ,, an 



ih tit L » y 1 



(25) 



(26) 



P, G and //, which represent different quantities in the two equations, are defined by 

the relations 

F I ( F (n + r.— n + «) j 

\ = 2\ Oin + r.— n + s) \f**-i^**tfm-4*. (27) 

Hj \H(n + r. — n+s) \ 

In that which precedes the following notations have been used 



eV-V. 



y = e r 



. 3-eV-j, v . 



(28) 



The development so far is based on ft, a rational fraction. In order to obtain 
the Jupiter perturbations of a planet which is in the neigbourhood of this ideal planet 
Bohlin developed T in a power series in w. 

Let 

T = T„ + T,w + T,w* + ■■■ (29) 

be this series, where T„ represents the coefficients given in equation (27). Those repre- 
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sented^ T, and T, are derived from (22) in the same way as T,„ except that — 2y\ n 
and 2y\ n are used as factors in place of 2^-". These factors are given by the equations 

zdy 

-'"siri 

= 2 .d'y 1 <Jy 
' 9 da 1 9 da 
The differential equation 

£-* 

must now be intregrated. The coefficients T are multiplied by the factors 

Since '<< is a rational fraction and », r and « are integers, there will be certain terms of 
F, O and H independent of e — those for which n + r — (» — a)(t = p. These terms 
must be treated differently from the others, since their integration directly would give 
a zero divisor. 

Differentiating equation (19) with respect to g, where 

J7 = e — csine {32) 



we have 

d(l 



(33) 



It is convenient to separate the function 

w + (i— w)W 
into two parts: 

(i-w)W„ 

containing terms independent of e, and 

(i-»)F 

which contains e explicitly. W, contains the quantity 1; which may be considered con- 
stant. Set 

ft = ft, + (i-w)£ (34) 

where f>, refers to the terms independent of £ and £ takes the place of ft in those terms 
which contain both e and ft. We can now write (33) in the form 



dg 



(35) 
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Bohlin, in a very ingenious way, finds the function 

W, = — ^l-L-eV-'F,^ + (lL e V-v,& Vi^-^ j I 

I— W J2X ' \2X ' 2X ' / "| ° ' 

The numbers /„ F s , v„ V», v'„ V, are defined by the relations 

(37) 
v ,,f-.v, j; + T r, e ^-,v, sr _ _ [(B) _ (Gf )] 

(f), ((?') and (//) include all the corresponding terms of the perturbative function which 
are independent of e, and which would consequently have a zero integration divisor. 
The numbers marked prime (') have had the sign of the exponent of it changed. 
Changing t/ 1 to f in (36) we have 

W - nlM. e Y=irk$ + 

\ 2 X 2 X M 2 ' ' 2 I 

The first power of H, does not appear in this problem. In the above equations 

9, = e^-'^, x^e^-'f, »; = -, ,/ = *', x = u>. (39) 

Substituting the value of W, from (38) in the first of {35) we have 

f=lcT~™i— w — A"**** 2 *' +' J '»)+-~ cos (17 + 26', +V,)-^ eoa (g — sB, + V',) 

+ i] — cos (2 jr + 2 #, + V,) — 1? — - cos (2 g — 2 (9, + V',) (40) 

+ 3 ^_I«. c0S(3ff+2#, + V,) — if - V -cos{(T + 2(9, + V,) — 

-J *■£•«>■ <-* + ««■ +V.* 

Equation (40) can be integrated only by successive approximations. Neglecting all but 
the first term in the right member we have 

ft,=xg + G 

where is the constant of integration. Substituting this value of 0, in {40) and inte- 
grating again, we obtain 
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+ .-5uti7) 8iD {s + 20+Vi) - 2 -7(r^r) 8in ( "~ 2 e + **■> 

+ l^ a K(3 + 2X) ai0(3g + 2Q + V,) (4I) 

— if - T ' . sin (g + 2 Q + V,) 

' 2x(l + 2X) 

sin {fir — 2®— V,) 



2 ' 2x(l — 2x) 

where 

Q-xg+G. 

Writing equation (41) in the exponential form and eliminating x by means of the relations 

*'-j'[i-i,(»-j-')+tt( ! ,._ 2 + !r . ) _... ] (42) ' 

and rejecting all terms higher than the second degree in the eccentricity, we have 

I— W I — W L\ 2« 2{l + 2XjZX /" 



+ ( — t «v- (» o+w + , _^_ «y=; 



fiO+Td|, 



+ (izi-.-SL«r=:».ff+»B + - A. e i^ { .o 



_ notlU «'+*« {43) 

\l +2X 2X ' 2X r 



2 + 2X 2X 



I ? Ti e i^(-io+v't) + _2 . . -li-eV-K-tG-Vrtltfi- 
lI — 2X 2X 2(l — 2X) 2X I" 



V — /e + ntfi cos (p + fl* sin V 

JtHrtM. laktl. 0. under*. Band 10. K:o 
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[*«+5««+;*.,.]-' 

-»[(/) + £«?) + «(H)]n(iF-jr') 

where -P, O and ff come from integrating F, O and H, and 2 + m cos V> 4- » sin V repre- 
sent the terms independent of e and 0. 

Changing tp to e and multiplying both sides of (44) by 



we obtain 

V(i — e cos e)— {I — mij)e + (m — 2 Jij)e cose + n« sin e 
+ mije cos 26 — nije sin 2e 

!^i n {n + r. — n + s) | 
A,„(n + r. — n + 8).w \ p"+*-(«-»i*' jt— 4« ( 45 ) 

-4ij*(« + r . — n + a) . w 1 ) 

-«<+ luy-y-W + ?d -y-)(G) + ?<¥■- 0(H)) 

where 

A„{n + r. — n + a) = F„(n + r.—n + 8) + G„(n + r. — n + s) + B P9 in + r. — n + s) 
and {40) 

^4 M (n + r. — n + ») = Apq{n + r. — n + a) — Ap-, ,(n 4- r+ 1.— n + *) — 
■ — Ap-, 9 (n + r— 1. — n + »). 

Equation (45) contains terms (JJ which are independent of s. Neglecting those of 
the third order these terms will be given by the equation 

a<4,) - a{(4) + iim-(O')] + V [(B) + (o-a«>. ( 47 ) 

The differential equation for £ (35) now becomes 

^=F( I _ ecos«) — (1 — u>)|jj-F,<i — ««*■)— {i—w)-J|?Fi(i — e 00s e). (48) 

The first and second parts of the right member are functions of t and can be integra- 
ted immediately. The coefficient of (1 — e cos e) of the third part is independent of c, 
hence we may write 

di, 



(1— w)fl 



<*«, 



- »M,) - «, + »[«i Ci ''»;l 



(49) 
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from which is derived by a process similar to that of (43) 

Cfl = *>ff + S^^-tA+C). j,.. . (50) 

Let 

»<Jz = (nrfz), + Ms), + (« £z), + (no's). (51) 

where (ndz), includes the secular terms, (ndz), those which are functions of $, alone, 
(ndz) s those which are functions of both £ and (?,, and (ndz). the supplementary terms. 
Of the last named I have retained only those of the first power of the eccentricity. 
Collecting the results we have 

{ndz), ■■ 

5 « sin 2 e + — ^ e cos 2 « (<2) 

2 2 XJ ' 

+ (m — 2 Ifj) cos e + n sin a 

inn nn . 
t COS 2 * L 61H2S 

4 4 

inconstant part of 3(F) 
m= » » » 5[(H)-(G")] (53) 

n= » » » ffl[<tf )-«?')] 

+ a» 
I — « 

+ f£>sin(2 + .R<'>) 

+ r<*> sin (2 9 + e + J**") 

+ r<*> sin (2 © + 2 « + #,'>) ( 54 ) 

+ ^<, , >s^n(2© + 3« + tf < J * , ) 

+ r« eio (2© + R™) 

+ &] sin(z0 — e + BQ) 

+ fW sin (2 — 2 a + BQ ) . 

The above coefficients are determined from the following formulae: 

- cos V, H cos A, 



H»> sin AM = ^- sin F, + n — sin V, + — Bin 4, 

* 4X* ' 2X 2X 



(53) 
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I + 2X 2X 



r<" ein J?<" =. - 



— - cos V, + 17 -*— 



V. + ij-A. 



2 3 + 2X 2X 



1** 008 By. -= + 13 — - COS V, 
H** sin By ■- — » — - Bin V, 



(55) 



- — -^ sin V'.-t-^-iin/.t ** , — t 

I — 2 X 3 X ' 2 X I — 4 X* 3 X 



I — 2X V, 



I — 2 X V 1 



(ndz) t = + 3sB opt {n + r.—n + a) y»+H»-<)J< at—«M 

+ 325 l „(» + r .— n + *)y"+' w <»-'>'' $«"-»>*. w (56) 

+ 32 ■»,„(» + r . — n + a) y»+»M«-«>*« #»-«>e . «,». 

The subscripts p and 9 indicate the powers of q and >/ by which each term 
is multiplied. 



[nSz), - - 91 + tfy + jr-) (jp) + ^jr'(G) + JyWl 



(57) 
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Inequalities of the Radius Vector. 
Breaking up ¥ into two parts as in the oase of nAz, we have from (44) 

OV 

j-7= — mEBm e 4-ne 008 t 

1 B,„(n + r.—n + B).u:> ) 

+ »<-<l('-ir-)(e)+t,(iC-i)(fl)}, 

where the coefficients have the following values: 

Bpt(n+ r.—n + a) = G„(n + r. — n + a) — H„(n + r. — n + a). (59) 

Differentiating (36) with reapect to if> and then writing e for t/< we have 

Integrating fef) and ($9) in a manner similar to that of nSz, and placing 

* = (r), + (v) a + O0. + <*)« (61) 

2 (*<)i = — me cos « — n« sin e 
— n cos e + m sin e 

2 (v), — — b g 

+ S< ] >C08(2© + 5( I ») 

+ a* 1 ' cos (2 + e + S* 1 ') (63) 

+ «<*> 00s (2 + 2 e + fl») 



we have from (13) 



1 v. i*, 

«''• ooa S*'» — 00s V, + r> -U- 008 F, 

' ' I+2X2X ' 2X 



*'" sin S<'» — — 

' ' I + 2X 2 X 



(6 4 ) 
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J" 008 £<'> =ri 7' COS V, 

(64) 

The numbers 6,„ 6, and ft are determined from the relation 

K + 9[b*V ::: '*$l~3(B,)-3UB)- V [iH)-(G>)}-ti(H) + (G'fljfw) (65) 

2(v>,- + «2S„ M (» + r . — n + »)|p+^*-*iijW(i 

+ a5S, M (n + r . — n + «)y"+«H»-»)/'tf(«^-»^ . w (66) 

+ *J5, M (n + r . — n +«)y»+^— *)»#&— >* .w 1 

*(*).= + &l~ltr'(G) + % y'(H)\ (67) 

Inequalities of the third coordinate. 

From (16} and (26) we have 

boo.' yt — ax I [/,„ +&,„ -rJ8.„]« J »«*-»-"»af->» (68) 

Let / 

V=V + V, (69) 

where V contains e explicitly and V, is a function of 0! alone. From (16), (26) and 

(35) we get 

sec. '^(i-t»)ir , ,--«[>-'«J)+i.(iJ)] (70) 

and for the determination of V 

seoi -j Qa'j^ — (1 — w) seo * ga-fM 1 — e cos e). (71) 

7» 
From (69) is obtained by a process similar to that of {43) 

sect V, j|„pl.,r':=TcT«-.oy _, T , e lC;(v.«0).y.t.» + , Tie V-.(».t.ol !r i+.. |( 72 ) 

where T, and V : are determined from the relation 

,, e V-.'.tf_ (if) +((}•). (73) 
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The integration of (71) gives 

seo t V<= — me cos t/> — ne sin \p 

[>.« + 5&« + **•»■] 



[*.»! + J &.« +£*.»]»■ 



. y B + r— I" - **'' flt»— »)»» 



(74) 



where m and n are defined by the relations 



m- «[(ff) + «?')] 
n 31(B) + (&)l 



(75) 



Collecting the values of V and 17, and differentiating with respect to V. we have, after 
changing V to e, 

. OV 
sect jy— me sine — necose 



f <7„ M (n + r.~ n + «) 1 
I C»«(n + r- — » + «)»' ) 



(76) 



0„(n + r.—n + «)=■ — <3 OT (n + r. — n+ a) + #«(« + r. — w + «). (77) 

Equation (14) can now be integrated. The part independent of e arising from the 
integration will be given by 



For convenience let 



Collecting results we have 



-.-»-<•). + (*). + («).. 



(«)i ~ — me cos e — ne sin e 
— n cos e + m sin e 



(78) 
(79) 

(80) 
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(«)> — c.,g 
+ (W 
+ |»>. 
+ lf> 



in (2 S + T">) 
■ (i9ti+ If) 
n (2 + 2 a + r<'») 



|M OOS T<" — — I, — COB V, + — OOS C, 
2X 2 X 

("> sin 3"<" - - v -^ sin V, + -i- sin C, 

' 2X 21 

COS V s 



t<" cos r<" 

(01 ,in JW 



I + 2X 2X 



I + 2 X 2 X 



- sin V, 



IS" cos T?< = ti — 5 — cos V, 

' ' ' 2 + 2X 

IS" sin TS'l - r) — 5 — sin V, 

' ' ' 2 + 2X 

c,„ c and (7i are determined from the relation 

»(C) - a + atceV^oaj] _ s»{(C) + ,[(B) + (0')i> 

(«),= + 35T „(n+r. — n + «)y B+r -< n - , >"^ 1 '*-*>'' 

+ 3ZT,„(n + r. — n + ,)y*'-"—'r»f—^.w 
+ 32T,„(n+r.—n + «)y»+ r -<— ' )''^*"-«»» . w". 



(8i) 



(82) 



(83) 



(84) 



I give here a brief summary of the formulae necessary for the computation of 
the Jupiter perturbations of those small planets whose mean daily motions are in the 
neighborhood of 750". From the given elements of the planet and from those of Ju- 
piter we first determine JI, JI' and J by means of the formulae: 



sin - J cos i("/ +IB) - cos i(H — S>) sin -(• — •') 
cos 1 J sin - (f — ») — sin - (fl — B') cos - (•' + •') 
oos - J cos - (V — <B) - cos - (fi — fi") cos - (1 - •''). 



(85) 
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Check formula 

ain 'F sin <P sin {{2 — £2') 

sin i sin »' sin J * ' 

It = ,r — £i — Il'~7c' — £t' — V 

j = n — n' s^n + n' 

e •= Bin r/> e' = sin </>' 

e , e' 

'~i '-2 (8 7 ) 

j 1 *= sin 1 */ cos" - m cos" ~af t = sin j cos 1 - <p 

'. 2 ' 2 ' 2 ' 

_ 2 — 5," 2 » — 5 n' 
2 2 n 

The symbols t, A, 77 and t', fl', 77' represent the inclination, longitude of ascend- 
ing Dode, and longitude of the perihelion of the disturbed planet and of Jupiter 
respectively. J is the mutual inclination of the orbits of the two planets. <D and V 
are the distances in their orbits from the ecliptic to the ascending node of one planet 
on the other. 

The numbers I, m, n, /,, F-,, Vi, V a , v'„ V'„ a n , a„ A u 6,„ b,, B-i are determined 
from the equations 

I = constant part of 3{F) 

m- . » » 9[(H) -((?')] (53) 

»- . » . 3l[(fl)-«J')] 



/, e^-'* a!- OT -,[(»)- (67')] 
M^'**! +y',e'' r i v '' #"* 1(H) — (0')] 



(37) 



o. + «[o,eV-. *#] _ »{(4) + ,.[(H) -(«')] + ,[(ff) + (&»')]«,} (47), (40) 

6. + Hb^-^a:]- 9{(B)-,[(H)-(G')J -,[(») + (ff)]t»> (65) 

rj a * cos Jfl"> = - 1 - cos Fi + i! — - cos V, H cos ^, 

" 4 x 1 2 x 2 X 

H" sin fl'" = ti- 9 j n jp a + » -li- sin V, + sin A 



r<» cos R<» » -- -£- ■ -IL , 

1 I + 2x 2X 



H'l sin Ri'l = — -t • — sin V, + r. 

' ' I + 2X 2X ' 

JUron. (Obit. 0. underi. Band 10. N:o 1. 



, Google 



34 D. T. WILSON, JOPITEB-PBRTURBATIONS OP THE ASTEROIDS OF J/wifirtM-TYPE. 



I + 2X V, . ,- , . 

' 2 + 2X 2X ,; "' 



w = 3 __5l_ 



H'> sin «"> = ^ — ^ V - sin V, 



fW cob fit*!, — + >i — - cos Vi 
pW sin R™, ij — sin V, 



f, ti* v, 

- LL - cos F t + ' — - ■ — - cos V, 

2H I — 4 X 1 2 X 

i*' 1 sin JP*l — — — - sin V, — v— sin J", + £— ; • — sin V, 

-' -' I — 2 X 2 X ' 2» I-4»' 2K 



f» COB «« - - 



I — 2 X V j 



T 6i 

a ( " cos iS" 1 = — v coe Vi + cos B, 

' 2X 2X 

iW Bin £< J > ^ --'- Bin V, + — sin B, 



«<" cos -S<' 


T -I?- C06 V, +17-^-008^ 

I+2X2X ' 2 X 


«('' sin fit' 


J -'- sin V, + n -^- sin J", 

I + 2X2X '2X 


«M cos SJ« 


= ij cos V, 

' 2 + 2X 



(64) 



«!•> Bin «™ - n — " ' — sin V, 

' * ' 2 + 2K 
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I mj) 

{ndz), = — - — -e 5 4- (m — 2 Jij)e 8in e — ne cos e 

mr> . , ni; 

'- s sin 2 s 4 L e cos s 

2 2 

4- (m — 2 Ji?) cos e + » sin t 

mv nr . 

i cos 2 e sin 2 1 

4 4 

(ndz), - ^^ + a..g 

+ rj,"sin(2 + i*f 1 1) ) 
+ ff« sin (2 4- e 4- i*^) 
+ f*'> sin (2 ©4- 2e4- ■fl* 1 ') 
4- r<*> sin (2 4- 3 £ 4- JP,*> ) 
+ I*', sin (2 4- #!),) 
4*f*J sin (2 — «4- B£\) 
+ r*i* sin (2© — 2 e 4- BQ) 

iR..„{n + r.—n + a) I 
(nis) =2tftj'* fl, M (n +r.— « 4- «)» / sin {[» 4- r — {» — «)/»]* 4- (» — *)#ifli4-»^} (56) 
I R ip ,(n + r. — n + 8)w') 

{ndz) l = -3Ur l {y + y-)(F) + 'ly-'{0) + 'pHH)^ (57) 



(54) 



2 {v), = — ffifi coa e — me sin e 
— n cos £ 4- m sin * 

+ *<*> C03(2© + S<-') 

+ a*'> cos (2 0+ t + SV 1 ) 

+ 8<'> «09 (2 Q + 2 £ + S<» ) 



(62) 



(63) 



(«.„(» + r.-» + ») I 
2(1'), — I «,„(« + r. — n + «)«> I oo«![» + r — (» -«)fi]i + (» — »)."»i +»<<! (66) 

U,„(«+r.-»t<)«'] 

2 <,)._ +. aj_ 5 r . ( G) + 1^(H)| . (67) 
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Inclination. 

The numbers m, n, v„ V„ c u , e„ C, are determined from the equations 

m-nm + (0'H 

„ 3[(H) + (G')] 

v.e^"' tf-(fl) + (8) 
e. + »[&«''-'<**:] -S{(C) + .,[(#) + (G')) 
|M cos n-l .; - '- cob V, + — cos C, 



(75) 

(73) 
(83) 



w sin ri'l 1 



- sin V, + — sin 0, 



H'> cos T<» - - 



t\°> sin T<"> 



I + 21 2X 



sV, 
iV, 



(82) 





(W COB T\> 




if Bin t< ! 


(a), 


= — me cos e — we sin e 




— 7i cob e + m sin ( 


(*)> 


= c„g 




+ ("> Bin (2 8 + TO) 




+ (<'> ein{20 + e + T\ ! >) 




+ («'» sin (2 0+ 2C+ rj") 



(8o) 



(8i) 



i*),=i2i}*tf*tT,„{n + r.~n + *) ±n -«; lara{[n + r— (» — *)/*]* + (»— *)p<?i + n^± JT). (84) 
Ir.Mtn + r.-w + aJi^w 1 ) 

Those coefficients which have the suffix ±3 or ±0 must be multiplied by j* 
also, and the angles ± J or ±2 must be added to the arguments of those terms. The 
Buffix ± it' in the inequalities of the third coordinate means that the angle ± II' must 
be added to the argument of the corresponding term. 
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Terms of the fourth degree. Argument: (2 — 6) 
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